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Abstract
The three-dimensional (3D) displacement ﬁeld in elastic body subjected to body force usually governed by the Navier-Cauchy
equation is here formulated in the language of Cliﬀord valued functions and the Dirac operator. Using Cliﬀord analysis and
considering arbitrary body force, we solve the problem, expressing the displacement ﬁeld in terms of one harmonic function and
one monogenic function.
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1. Introduction
The theory of complex algebra and complex variable has been used to solve two-dimensional (2D) problems of
elasticity for a long time. For the problems without body force, Kolosoﬀ and Muskhelishvili [17,21] successfully
used two holomorphic functions to solve a biharmonic equation on a 2D domain. Considering the problems with
body force, Stevenson [25] used a displacement potential which consists of two holomorphic functions. Without the
displacement potential, England [10] adopted one harmonic function and one holomorphic function to represent the
displacement directly. Both England’s and Stevenson’s approaches deal only with conservative body forces.
In the above-mentioned approaches, the theory of complex analysis provides a powerful tool and enables one
to attack the 2D problems. However, it is not comfortable for complex analysis to treat a three-dimensional (3D)
problem. Piltner [22] extended the Kolosoﬀ-Muskhelishvili approach to ﬁnd six functions which satisfy the 3D
biharmonic equation and then construct from the six functions the solutions to the 3D problems of elasticity. In the
approach, there exists an arbitrary factor t ∈ (0, 2π] in the argument of the biharmonic function f (ix1+cos tx2+sin tx3)
where i2 = −1.
Cliﬀord algebra was introduced by Cliﬀord in 1878 [1,20]. The elements of Cliﬀord algebra are called Cliﬀord
numbers or multivectors which are allowed to do addition, substraction, multiplication, and division. Hestenes et
al. [7,8,12–16] advocated the application of Cliﬀord algebra in 1960s and achieved the usage of one general lan-
guage — Cliﬀord’s geometric algebra — in physics and mathematics [18,19]. Cliﬀord algebra provides a complete
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framework of mathematics [20] in the area of mechanics [27], relativity, electromagnetics[28], etc. Besides, many
scholars endeavor to develop the theories of calculus and Cliﬀord valued functions and yield the theory of Cliﬀord
analysis [2,4–6,9,11,23,24]. The relations of Cliﬀord algebra and Cliﬀord analysis are similar to the complex algebra
and complex analysis. Cliﬀord algebra and Cliﬀord analysis is an n-dimensional extension of complex algebra and
complex analysis.
In the literature relatively few attempts at application of Cliﬀord algebra and analysis to the 3D problems of
elasticity have been made. Tsalik [26] considered 3D problems of elasticity under body force and tried to use the
algebra of quaternion, which is a special kind of Cliﬀord algebra, and quaternionic analysis to represent displacements
in terms of two monogenic functions. However, some mistakes were made in this article. Using the well-known
Neuber-Papkovich approach which converts the governing equation for the 3D problems of elasticity without body
force into a biharmonic equation of 3D space, Bock and Gu¨rlebeck [3] also adopted quaternionic analysis to express
the biharmonic function in terms of two monogenic functions.
In Section 2, Cliﬀord algebra C3 and Cliﬀord analysis are introduced. Section 3 formulates the 3D problems
of elasticity under body force in the language of Cliﬀord valued functions and shows that the displacement ﬁeld is
expressible as the linear combination of one harmonic function and one monogenic function. Conclusion is made in
Section 4. In this article when we refer to elasticity it is understood we always mean homogeneous isotropic linear
elasticity in absence of initial stresses.
Nomenclature
(·) Cliﬀord conjugate
bi The i-th component of body force
C The complex number ﬁeld
D Dirac operator
ei Orthonormal base vector
R The real number ﬁeld
ui The i-th component of displacement
xi The i-th Cartesian coordinate
λ, μ Lame´’s constants
δi j Kronecker delta
ρ density
 Laplace operator
2. Cliﬀord algebra and Cliﬀord analysis
Consider 3D Euclidean space R3 with orthonormal basis vectors e1, e2, e3, and further deﬁne the multiplication
rule for them:
ekel + elek = 2δkl, k, l = 1, 2, 3.
On the basis of the aforementioned basis vectors and the multiplication rule, we can construct the basis elements of
Cliﬀord algebra C3 as follows:
e0 := e∅ ≡ 1, e1, e2, e3, e12 = e1e2, e13 = e1e3, e23 = e2e3, e123 = e1e2e3.
Any element a of real (resp. complex) Cliﬀord algebra C3(R) (resp. C3(C)) can be represented in terms of the basis
as
a = e0a0 + e1a1 + e2a2 + e3a3 + e12a12 + e13a13 + e23a23 + e123a123
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with the coeﬃcients aα ∈ R (resp. C). a is termed a Cliﬀord number or a multivector. The terms a0, e1a1+e2a2+e3a3,
e12a12 + e13a13 + e23a23, and e123a123 are respectively the scalar, vector, bivector, and pseudo-scalar parts of Cliﬀord
number a. Since in the present article we do not use C3(C), we will use C3 in the following to denote C3(R) without
extra notiﬁcation.
The deﬁnition of Cliﬀord conjugate (·) is
ac = c¯a¯, a, c ∈ C3,
e¯k = −ek, k = 1, 2, 3.
The notation C+3 denotes the even subalgebra of C3. Any element a of C
+
3 is expressed as
a = e0a0 + e12a12 + e13a13 + e23a23.
Quaternion algebra is isomorphic to the algebra C+3 . Hence, the outcomes of Tsalik [26] and Bock and Gu¨rlebeck
[3] can be easily translated into the version of C+3 . In addition, complex algebra is also a subalgebra of C3 whose
element is written as
a = a0 + e123a123,
where a0, a123 ∈ R.
A function deﬁned in domain Ω ⊂ R3 with range C3 can be represented as
f (x) = e0 f0(x) + e1 f1(x) + e2 f2(x) + e3 f3(x) + e12 f12(x) + e13 f13(x) + e23 f23(x) + e123 f123(x).
Using the basis vectors, one can deﬁne a ﬁrst order vector diﬀerential operator
D := e1
∂
∂x1
+ e2
∂
∂x2
+ e3
∂
∂x3
.
It is often called the Dirac operator. A Cliﬀord valued function f : Ω ⊂ R3 → C3 satisfying
Df = 0, (resp. f D = 0)
is said to be left-monogenic (resp. right-monogenic). According to the multiplication rule of the basis vectors, the 3D
Laplace operator  can be decomposed as
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
=:  = DD = D2. (1)
A function which satisﬁes the Laplace equation is said to be harmonic. A monogenic function is exactly a harmonic
function, but a harmonic function could not be monogenic.
3. Application of Cliﬀord analysis to 3D problems of elasticity
The displacement ﬁeld u j in elastic body subjected to body force bi is governed by the Navier-Cauchy equation,
3∑
j=1
(λ + μ)
∂2
∂xi∂x j
u j +
3∑
j=1
μ
∂2
∂x j∂x j
ui + ρbi = 0, i = 1, 2, 3. (2)
In this section we rewrite the Navier-Cauchy equation using Cliﬀord valued functions and the Dirac operator. First, we
introduce the Cliﬀord valued displacement u = e1u1 + e2u2 + e3u3 ∈ C3 and body force b = e1b1 + e2b2 + e3b3 ∈ C3.
Further, pre-multiplying the i = 1, i = 2, and i = 3 components of Eq. (2) by the basis vectors e1, e2, and e3,
respectively, and summing them up, we obtain
1
2
(λ + μ)D(Du + Du) + μDDu + ρb = 0. (3)
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This equation can be rewritten as
D
(
1
2
(λ + μ)(Du + Du) + μDu
)
= −ρb. (4)
It is actually the Dirac equation with a forcing term −ρb, i.e. Dw = −ρb; hence, its solution has the form
w = wm − β,
where wm is a left monogenic function and
β(y) = ρ
∫
Ω
x − y
4π|x − y|3 b(x)d
3x,
in which d3x is the oriented volume element [2].
Without loss of generality, the monogenic function wm can be generated by a Cliﬀord valued harmonic function
ψ = e1ψ1 + e2ψ2 + e3ψ3 + e123ψ123, i.e. wm = Dψ. Since the solution of Eq. (4) has the speciﬁed form
w =
1
2
(λ + μ)(Du + Du) + μDu,
we obtain
Dψ =
1
2
(λ + μ)(Du + Du) + μDu + β. (5)
Adding and subtracting Eq. (5) and its conjugate, we obtain
Dψ + Dψ = (λ + 2μ)(Du + Du) + (β + β),
Dψ − Dψ = μ(Du − Du) + (β − β),
respectively. From the above equations we deduce
Du =
λ + 3μ
2μ(λ + 2μ)
(Dψ − β) − λ + μ
2μ(λ + 2μ)
(
Dψ − β
)
.
Finally, the displacement ﬁeld is found to be
u =
3λ + 7μ
4μ(λ + 2μ)
ψ − λ + μ
4μ(λ + 2μ)
(Dψ)x − φ + v, (6)
where x = e1x1 + e2x2 + e3x3 ∈ C3, the function v = e1v1 + e2v2 + e3v3 + e123v123 is left monogenic, and the function
φ is an integral
φ(y) =
∫
Ω
x − y
4π|x − y|3
(
λ + 3μ
2μ(λ + 2μ)
β(x) − λ + μ
2μ(λ + 2μ)
β(x)
)
d3x.
In case the body force is such that b = D2ϕ = ϕ where ϕ = e1ϕ1 + e2ϕ2 + e3ϕ3, then the displacement solution
reduces to
u =
3λ + 7μ
4μ(λ + 2μ)
ψ − λ + μ
4μ(λ + 2μ)
(Dψ)x − ρ
(λ + 2μ)
ϕ + v.
4. Conclusion
In this article we have considered the three-dimensional problems of elasticity under arbitrary body force, rewriting
the Navier-Cauchy equation in the language of Cliﬀord valued functions and the Dirac operator. Cliﬀord analysis
enables us to ﬁnd the displacement solution u (Eq. (6)) in terms of one harmonic function ψ and one monogenic
function v. Compared with the result of Tsalik [26], ours releases the constraint of a function from monogenic to
harmonic.
This article is a start of the application of Cliﬀord algebra and Cliﬀord analysis in elasticity. The capacity and merits
of Cliﬀord algebra/analysis in 3D problems of elasticity, just like its subalgebra/complex analysis in 2D problems of
elasticity, should be expected. This would deserve further study in the future work.
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